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Let G ⊂ O (4) act isometrically on S3. In this article we calculate a lower bound for the
diameter of the quotient spaces S3/G . We ﬁnd it to be 12 arccos(
tan( 3π10 )√
3
), which is exactly
the value of the lower bound for diameters of the spherical space forms. In the process,
we are also able to ﬁnd a lower bound for diameters for the spherical Aleksandrov spaces,
Sn/G , of cohomogeneities 1 and 2, as well as for cohomogeneity 3 (with some restrictions
on the group type). This leads us to conjecture that the diameter of Sn/G is increasing as
the cohomogeneity of the group G increases.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Diameter is one of the most basic geometric invariants. Knowing its lower bound not only provides information about
the orbit space X = Sn/G , but also leads to other interesting results. While representations of compact Lie groups are well
understood, the geometry of the corresponding spherical quotients is virtually unknown and is potentially very important.
Let Xk = Sn/G , where G is a closed, nontransitive subgroup of O (n), and examine the diameter of Xk . When G is ﬁnite,
k = n and Xn is a manifold, there exists an explicit lower bound on the diameter that depends only on the dimension n. In
addition, there is a global lower bound on the diameter that is independent of dimension [18] (this result was generalized
to variable curvature in [7]). (Throughout this paper, unless otherwise explicitly stated, Sn is taken to be the round unit
sphere of dimension n.) For other closed, nontransitive groups, a lower bound on the diameter, depending on n, exists [10],
but most of these have not been computed. This paper examines the diameters of quotients of the three-dimensional sphere
to ﬁnd a greatest lower bound. We also ﬁnd descriptions of many of these orbit spaces and learn about their geometry.
Often, given a speciﬁc compact Lie group, G , acting isometrically and (almost) effectively on M , with sec(M) > 0, we can
recover the manifold from the possible orbit space decompositions of the action. For example, a classic theorem of Hsiang
and Kleiner [16] states:
Theorem. Let M4 be a 1-connected, strictly positively curved closed Riemannian manifold which admits an effective, isometric S1
action. Then M4 is homeomorphic to S4 or C P2 .
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[8], one can recover the manifold merely by knowing the Euler characteristic, χ(M), which in this case turns out to be equal
to χ(Fix(M; S1)). In particular, in the case where Fix(M; S1) consists of isolated points, these points are singular orbits of
the action, and we can bound the total number of such orbits via the diameter of the orbit space of the normal sphere to
any such point of isotropy. Here the normal sphere is an S3 and the upper bound on the diameter of S3/S1 tells us that
there are no more than 3 such points. We note as well, that a theorem of Rong [25] uses the same technique to show
that a 1-connected, strictly positively curved, closed Riemannian 5-manifold admitting a T 2 isometric and effective action
is homeomorphic to S5. In particular, this is part of a more general phenomenon where a bound on the q-extent of a space
allows us to limit the number of singular points of a given action, and we have [12,13]:
Equivariant Sphere Theorem. Let M be a closed manifold with sec(M) > 0 on which G acts (almost) effectively by isometries.








where D(G(pi)), i = 0,1, are tubular neighborhoods of the pi-orbits and E = ∂D(G(p0)) = ∂D(G(p1)). In particular, M is homeo-
morphic to the sphere if G(pi) = pi , i.e., if pi , i = 0,1, are isolated ﬁxed points of G and diam S p¯i  π/4.
Thus, local diameter information gives global results about the structure of the manifold.
When G is ﬁnite in O (n + 1), then Sn/G is a good orbifold, that is, the global quotient of a Riemannian manifold by
a discrete subgroup of its isometry group [1]. Finite subgroups of O (4) are classiﬁed in [5] and various methods from
McGowan [18] and Dunbar [6] are used to ﬁnd a lower bound on the diameter of the resulting spherical quotients. When
G is inﬁnite, Sn/G is a spherical Aleksandrov space with curvature bounded below. This is a length space with Riemannian
notions such as distance and curvature obtained by comparison with Sn via Toponogov [2]. Groups in SO(4) are classiﬁed
in [27] and [28]. Extensions of these groups in O (4) are examined along with the diameters of the resulting spherical
quotients.
Theorem A. If G is a closed, nontransitive subgroup in O (4) then
diam(S3/G) α
2
where α = arccos( tan( 3π10 )√
3
).
This diameter is approximately π9.63 and is achieved by S
3/η(S1 × I), where I is the binary icosahedral group, and
η : Sp(1) × Sp(1) → SO(4) is deﬁned by ﬁrst noting that the unit quaternions may be identiﬁed with S3 by φ(p1 + ip2 +
jp3 +kp4) = (p1, p2, p3, p4), where p21 + p22 + p23 + p24 = 1. With this identiﬁcation, η maps (a,b) to A, if for every x ∈ Sp(1),
φ(axb−1) = Aφ(x). The map η is a surjective homomorphism with kernel {(1,1), (−1,−1)}.
If G is ﬁnite then S3/η(C2m × I), in the limit as m → ∞, achieves the smallest diameter, where C2m is the binary cyclic
group. The orbit space is a manifold only if gcd(m,30) = 1 [33], and otherwise it is a Seifert-ﬁbered orbifold, foliated by cir-
cles and intervals. Among nonﬁbering orbifolds, S3/η(O×I) achieves the smallest diameter, where O is the binary octahedral
group. A lower bound estimate for this diameter is arccos(1/
√
40+ 12√2− 8√5− 12√10), which is approximately π8.93 .
Note that the cohomogeneity of a connected G-action is the codimension of its principal orbit, or equivalently, the dimen-
sion of the orbit space. We extend this deﬁnition to include non-trivial disconnected actions. With respect to cohomogeneity
one actions, we not only examine those actions on S3, but also on a round sphere of any dimension, and we ﬁnd that the
smallest diameter for a non-trivial disconnected cohomogeneity one action on any Sn is π/6. We show that only certain
actions of cohomogeneity one admit a ﬁnite extension of the group that halves the diameter of the corresponding orbit
space.
Using this result and results from [20] and [21] we are able to prove the following:
Theorem B. Let G act by cohomogeneity 1, 2, or 3 on Sn. Further, suppose that in the case of cohomogeneity 3, when the group is








6 for cohomogeneity 1
α
2 for cohomogeneity 2
α
2 for cohomogeneity 3.
Here we deﬁne a classical polar action to be either an adjoint action or one that corresponds to a symmetric space G/H
where both G and H are classical Lie groups. Recall that all polar actions on spheres correspond to the isotropy subgroup
W.D. Dunbar et al. / Differential Geometry and its Applications 27 (2009) 307–319 309of a symmetric space [4], i.e., they correspond to the natural action of the isotropy subgroup H of G/H acting on TG(e)G/H .
We also note that the adjoint actions are all polar actions (and correspond to the symmetric spaces (G × G)/G).
This theorem and other work [20,21] lead us to the following conjecture:
Conjecture C. Let G act irreducibly on Sn by cohomogeneity k, where n ∈ 2Z. Then for all  > 0 there is a k, diam(Sn/G) is within 
of π/2.
We break the remainder of the paper into three sections, each of which considers actions on S3 having a speciﬁc
cohomogeneity, plus a section giving our conclusions.
2. Cohomogeneity one
Proposition 2.1. Let G act on S3 by cohomogeneity 1, then the minimal diameter of S3/G is π/4.
Proof. The classiﬁcation of low cohomogeneity actions on spheres [17,27,28] tells us that the only two possible connected
groups that can act effectively on S3 by cohomogeneity one are SO(3) and T 2, giving orbit spaces of diameter π and π2 ,
respectively. It is easy to ﬁnd C2 extensions of each of these actions that interchange the endpoints of the orbit spaces, thus
cutting the diameters in half.
We claim that no other ﬁnite extension can further reduce the diameter of the orbit space due to the following lemma,
which will complete the proof. 
Lemma 2.2. Suppose G acts isometrically and (almost) effectively on Mn by cohomogeneity one, where Mn is a closed, simply con-
nected Riemannianmanifold of strictly positive sectional curvature. Then any ﬁnite extension of G in Isom(Mn) can reduce the diameter
of Mn/G by at most one-half.
Proof. In this case, it is well known that Mn/G = I . Over the interval, the manifold decomposes into principal orbits over its
interior and 2 singular orbits over each endpoint, and the diameter of the orbit space is given by the length of the interval.
Since Mn is simply connected, the dimension of each singular orbit must be strictly less than that of the principal orbits.
Now, any ﬁnite isometric action on such an interval can only “fold” the interval in half, identifying the endpoints to each
other and corresponding pairs of principal orbits at a given distance from one of the corresponding endpoints. The principal
orbit equidistant from both endpoints is not identiﬁed to any other, and itself is acted on non-trivially. Since any ﬁnite
group of order greater than 2 will have a cyclic element of order greater than or equal to 3, or a subgroup isomorphic to
C2 × C2, it suﬃces to understand these two cases.
If a subgroup of order 3 acts effectively and isometrically, then three distinct points would be pairwise equidistant to
each other, which is impossible in an interval. A similar argument is true for a cyclic group of order greater than three.
If a subgroup isomorphic to C2×C2 acts, in order to decrease the diameter, it must fold the interval in half two times. For
the action to be isometric, this means that the corresponding singular orbits of the original interval and of the once-folded
interval must respectively be isometric themselves and this clearly cannot hold for dimension reasons. 
Proposition 2.3. The smallest diameter one can obtain for the orbit space of a cohomogeneity one action on a sphere is π/6.
Proof. We observe that it is easy to show that the cohomogeneity one actions of diameter π and π/2 admit ﬁnite exten-
sions, decreasing the diameter of the orbit space by half. There are two actions with orbit spaces of diameter π/3 (of the
total four) which also admit ﬁnite extensions. The orbit spaces of diameter π/4 have non-isometric singular orbits and thus
there is no isometric action which can reduce their respective diameters. The remaining π/3 and the π/6 actions do not
admit ﬁnite extensions that decrease the diameters of their orbit spaces.
The groups corresponding to actions with diameters π/3 and π/6 are listed in Table 1 (cf. [20,28]).





6 cohomogeneity one actions.
Group(G) Representation(Φ) dim(Φ) Length
1) SO(3) S2ρ3 − 1 5 π/3
2) SU(3) Ad 8 π/3
3) Sp(3) ∧2ν3 − 1 14 π/3
4) F4 φ1 26 π/3
5) G2 Ad 14 π/6
6) SO(4) ν1 ⊗H S3ν1 8 π/6
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matrices of trace zero by conjugation, where we require that the symmetric matrix A also satisﬁes ‖A‖2 = tr(At A) = 1.
Multiplying on the left and on the right by the matrix
A =





gives us an antipodal map, which halves the diameter of the resulting orbit space.
In #2, the action of SU(3) is similar and we may likewise conjugate by the matrix
A =





Note that this map is not the antipodal map on the corresponding sphere, in fact, it is not even ﬁxed point free.
For the remaining cases #3, 4, 5 and #6, we note that all of the actions G correspond to a maximal inclusion of G in the
corresponding isometry group of the sphere upon which they act. So, if there exists an element g that ﬁnitely extends the
group G , g ∈ O (k)G , then g ∈ Aut(G). The inner automorphisms will not give us extensions (ﬁnite or otherwise), whereas
the outer ones might. Clearly, if a group has trivial outer automorphism group, there are no ﬁnite extensions. It is well
known that only for SO(4) is the outer automorphism group non-trivial. We now show that SO(4) does not admit such a
ﬁnite extension.
From Uchida [32], we have a description of the action on S7 ⊂ R8  H2, using the double cover Sp(1) × Sp(1) of SO(4).








a3 + jb3 −√3(a2b¯ − ja¯b2)√
3(a2b − jab2) a2a¯ − 2abb¯ + jb2b¯ − 2 jaa¯b
)
,
where j is a quaternion such that j2 = −1 and aj = ja¯ for each complex number a. Letting A ∈ σ(SU(2)), q ∈ Sp(1),
X ∈ M(2,1;H). The action is deﬁned by (A,q)× X → AXq¯.
Out(SO(4)) ∼= C2 and can be generated via the action τ : Sp(1) × Sp(1) → Sp(1) × Sp(1), where τ (q, r) = (r,q). Suppose
there exists β ∈ Sp(1) × Sp(1) such that βτ interchanges orbits as desired (it suﬃces to consider this case since τβτ−1 ∈
Sp(1) × Sp(1) implies that τβ = γ τ for some γ ∈ Sp(1) × Sp(1)). Now given that βτ is such an extension, in particular it
maps elements of G(0, j) to elements of G( 1√
3











and that τG(0, j)τ−1 = G(0, j) .
By a direct calculation, one can see that the orbit of ( 1√
3
, j) contains no elements of the form (0,bj),b ∈ C, which are
the only elements in S7 that are ﬁxed by G(0, j) . Thus τ cannot send the point (0, j) to any point of the other singular
orbit G( 1√
3
, j). Thus τ (0, j) ∈ G(0, j) . Likewise βτ(0, j) ∈ G(0, j) . Thus there exists no ﬁnite extension that folds the interval
in half. 
3. Cohomogeneity two
In this section we compute a lower bound on the diameters of S3/G of dimension two. We begin by recalling a lemma
from [18].
Lemma 3.1. If G is a topological group acting by isometries on the n-sphere Sn, and G0 denotes the connected component of the
identity element, then G/G0 acts on Sn/G0 by isometries.




where α = arccos( tan( 3π10 )√
3
).
The lower bound for the diameter is obtained when G = η(S1 × I), in which case G/G0 is isomorphic to the icosahedral
group I ⊂ SO(3).
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Subgroups of O (3) and corresponding diameters.
Schoenﬂies Conway Diameter Schoenﬂies Conway Diameter
Cn nn π T 332 arccos 13
S2n n× π/2 T d ∗332 arccos 13
Cnh n∗ π/2 T h 3∗2 arccos 1√3
Cnv ∗nn π O 432 arccos 1√3
Dn 22n π/2 Oh ∗432 arccos 1√3








Proof. The only connected group that can act effectively by cohomogeneity two on S3 is T 1 = {eiθ | θ ∈ R}. T 1 can act on
S3 in any of the following ways (k,m ∈ Z):
Tk,m : (z,w) → (eikθ z, eimθw).
We only consider effective actions, i.e., when gcd(k,m) = 1.
If G0 = T1,1, then S3/G0 is isometric to the 2-sphere of radius 1/2, denoted S2(1/2). By Lemma 3.1, S3/G =
(S3/G0)/(G/G0) = S2(1/2)/(G/T1,1). In addition, the action of G/T1,1 on S3/G0 is conjugate to the action of a ﬁnite sub-
group K of O (3) on S2(1/2). We obtain the desired lower bound using Table 2, which in turn relies on [11], since







for any ﬁnite group K .
Other actions with |k| = |m| = 1 will clearly have the same lower bound. If k or m equals zero, then S3/Tk,m will be
isometric to a Euclidean hemisphere of radius 1; its diameter, as a metric space, will be π . Any isometry will preserve the
unique point that is farthest from the boundary, so any quotient will have diameter at least π/2.
Otherwise, since gcd(k,m) = 1, |k| and |m| are nonzero and not equal. Furthermore, the diameter of the space Xk,m =
S3/Tk,m is realized by a path of length π/2 from (1,0) to (0,1). In Xk,m , the two points represented by the orbits of
(1,0) and (0,1) cannot be interchanged via an isometry, since their neighborhoods in Xk,m are cones with different vertex
angles. Nor can they be interchanged with any other point (arising from a nonsingular orbit). So in this case, any group of
isometries of Xk,m must ﬁx the orbits of (1,0) and (0,1), and hence quotients of Xk,m must always have diameter π/2. 
In Table 2, the ﬁrst column [26] describes the geometry of the group actions. The second column [3] lists the resulting
topological orbit spaces (see also [31] and [24]). In the ﬁrst four rows, n 1; in the next three rows, n 2.
4. Cohomogeneity three
In this section we compute a lower bound on the diameters of S3/G where G is ﬁnite in O (4).
4.1. Classiﬁcation of ﬁnite subgroups of O (4)
While this discussion will basically follow the treatment in Du Val [5], the reader should note that Threlfall and Seifert
[29,30] classify ﬁnite subgroups of SO(4). Conway and Smith [3, Chapter 4] also have a classiﬁcation of subgroups of O (4).
The central idea in the classiﬁcation of ﬁnite subgroups of O (4), up to conjugacy, is that SO(4) is “almost a product”.
More precisely, there are 2-to-1 homomorphisms S3 × S3 −→ SO(4) −→ SO(3) × SO(3) (the former homomorphism was
called η in Section 1).
They are deﬁned by thinking of S3 as the set of unit quaternions:
(p1,p2)
η→ (q → p1qp−12 ) →
(
(q˜ → p1q˜p−11 ), (q˜ → p2q˜p−12 )
)
,
where q := q1 + q2i+ q3j+ q4k and q˜ := q2i+ q3j+ q4k.
Finite subgroups of SO(4) are classiﬁed by combining the well known classiﬁcation of ﬁnite subgroups of SO(3) (cyclic,
dihedral, tetrahedral, octahedral, icosahedral) and the less well known, but elementary classiﬁcation of subgroups of product
groups (sketched below, but see also [15, pp. 63–64]).
If G denotes a ﬁnite subgroup of SO(4), then let Gˆ denote its inverse image η−1(G) in S3 × S3. We deﬁne the following
subgroups of S3:
L := {: (, r) ∈ Gˆ for some r}, l := {: (,1) ∈ Gˆ},
R := {r: (, r) ∈ Gˆ for some }, r := {r: (1, r) ∈ Gˆ}.
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Finite subgroups of O (4), part I.
1. (C2mr/C2m;C2nr/C2n;φs) 17. (D2m/Dm;O/T)
2. (C2m/C2m;Dn/Dn) 18. (D6m/C2m;O/D2)
3. (C4m/C2m;Dn/C2n) 19. (Dm/Dm; I/I)
4. (C4m/C2m;D2n/Dn) 20. (T/T;T/T)
5. (C2m/C2m;T/T) 21. (T/C2;T/C2)
6. (C6m/C2m;T/D2) 22. (T/D2;T/D2)
7. (C2m/C2m;O/O) 23. (T/T;O/O)
8. (C4m/C2m;O/T) 24. (T/T; I/I)
9. (C2m/C2m; I/I) 25. (O/O;O/O)
10. (Dm/Dm;Dn/Dn) 26. (O/C2;O/C2)
11. (Dmr/C2m;Dnr/C2n;ψs) 27. (O/D2;O/D2)
11a. (D2m/C2m;D2n/C2n;ψ#) 28. (O/T;O/T)
12. (D2m/Dm;D2n/Dn) 29. (O/O; I/I)
13. (D2m/Dm;Dn/C2n) 30. (I/I; I/I)
14. (Dm/Dm;T/T) 31. (I/C2; I/C2)
15. (Dm/Dm;O/O) 32. (I†/C2; I/C2; φ˜−1† )
16. (Dm/C2m;O/T)
It can be shown that l = ker(λ′ :L → Gˆ/(l × r)) and that r = ker(ρ ′ : R → Gˆ/(l × r)), inducing isomorphisms λ :L/l →
Gˆ/(l× r) and ρ :R/r → Gˆ/(l× r) which, when composed back-to-back, give an isomorphism φ = ρ−1 ◦ λ from L/l to R/r.
The group G is denoted (L/l;R/r;φ). Often φ is omitted if the isomorphism is “obvious”; compare [5, p. 54]. The order of
G will equal [|R||L|/(|L/l|)]/2= |R||l|/2.
The only possibilities for L and R are the ﬁnite subgroups of S3 that are inverse images under the 2-to-1 homomorphism
S3 −→ SO(3) of ﬁnite subgroups of SO(3), or in other words, ﬁnite subgroups of S3 containing the kernel {±1} of that
homomorphism. Hence they are conjugate to (exactly) one of the following “binary” groups:
C2n :=
{
cos(mπ/n)+ sin(mπ/n)k: 0m 2n − 1} (n 1),
Dn := C2n ∪
{
cos(mπ/n)i+ sin(mπ/n)j: 0m 2n − 1} (n 2),













O := T∪ {±(1/√2)a± (1/√2)b: a,b ∈ {1, i, j,k} and a = b},
I := T∪ (1/2)((τ − 1)+ τ i+ j)T∪ (1/2)(−τ + i+ (τ − 1)j)T∪ (1/2)(−τ − i+ (1− τ )j)T∪ (1/2)((τ − 1)− τ i− j)T,
where τ := (√5 + 1)/2. These groups have orders 2n, 4n, 24, 48, and 120, respectively. Reversing the signs of all the
coeﬃcients of
√
5 in elements of I, we obtain the group I†, which is conjugate to I in S3, and has the property that
I ∩ I† = T [5, p. 55]. “Sign-reversal” deﬁnes an isomorphism φ† : I → I†, whose inverse is also accomplished by sign-reversal
(i.e., by a different sort of “conjugation”, in the ﬁeld Q(
√
5)).
There are 41 families of ﬁnite subgroups of SO(4), 33 of which contain the central element (−1 times the identity
matrix) and which therefore equal the inverse image of their projections to SO(3) × SO(3). The numbering convention
follows Du Val [5] and goes back to Goursat [9], who classiﬁed the ﬁnite subgroups of Isom(RP3) ∼= SO(3) × SO(3), though
in some places we are forced to interpolate extra families to cover gaps in that enumeration. The ﬁrst 33 families are
listed in Table 3, where m,n, r  1, gcd(s, r) = 1, and 0  s < r/2 [5, p. 55]. Furthermore, φs :C2mr/C2m → C2nr/C2n is the
isomorphism which takes the coset (cos(2π/2mr) + sin(2π/2mr)k)C2m to the coset (cos(2sπ/2nr) + sin(2sπ/2nr)k)C2n .
Similarly, ψs :Dmr/C2m → Dnr/C2n is the isomorphism mapping cosets with representatives in C2mr as above, while taking
the coset iC2m to the coset iC2n . Finally, φ† : I → I† induces an isomorphism φ˜† : I/C2 → I†/C2. As noted in [30, p. 585] and
[3, p. 50], Goursat and Du Val omit a family of the form (m,n 2)
11a. (D2m/C2m;D2n/C2n;ψ#)
where the common quotient group is the Klein four-group, and ψ# is the isomorphism which takes the coset (cos(π/m) +
sin(π/m)k)C2m to the coset iC2n and conversely takes the coset iC2m to the coset (cos(π/n) + sin(π/n)k)C2n (which does
not respect the cyclic subgroups of index two in these binary dihedral groups).
There are then 8 families of subgroups of SO(4) that do not contain the central element. It follows that l and r for
such groups must be cyclic of odd order, since each of the other subgroups of S3 contains the quaternion −1; we therefore
extend the notation C2n to allow odd subscripts. In addition to the conditions on m,n, r, s given above, in Table 4, m and n
are both odd integers. The automorphism in #26′′ , ξ :O→ O, is the identity on T, and multiplies all other elements by −1.
It cannot be induced by conjugation in S3, and hence groups #26′ and #26′′ are not conjugate in SO(4).
It remains to list, up to conjugacy, the ﬁnite subgroups of O (4) that contain orientation-reversing transformations. We
can write an arbitrary element of O (4)SO(4) as the composition of the particular orientation-reversing map q → q (linear,
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Finite subgroups of O (4), part II.
1′ . (C2mr/Cm;C2nr/Cn;φs) 26′ . (O/C1;O/C1; id)
11′ . (Dmr/Cm;Dnr/Cn;ψs) 26′′ . (O/C1;O/C1; ξ)
11a′ . (D2m/Cm;D2n/Cn;ψ#) 31′ . (I/C1; I/C1)
21′ . (T/C1;T/C1) 32′ . (I†/C1; I/C1;φ−1† )
Table 5
Finite subgroups of O (4), part III.
33. (Cnr/Cn;Cnr/Cn;φs)∗h; [1]












37. (D2n/Dn;D2n/Dn)∗; a,b ∈ D2n,aDn = bDn
38. (D2n/Dn;D2n/Dn)∗−; a,b ∈ D2n,aDn = bDn
39. (T/C2;T/C2)∗c ; a ∈ T,b= ±a−1
40. (T/C2;T/C2)∗; a ∈ O− T, b= ±a−1
41. (T/D2;T/D2)∗; a,b ∈ T, ab ∈ D2
42. (T/D2;T/D2)∗−; a,b ∈ O− T, ab−1 ∈ D2
43. (T/T;T/T)∗; a,b ∈ T
44. (O/C2;O/C2)∗; a ∈ O,b= ±a−1
45. (O/T;O/T)∗; a,b ∈ O, aT= bT
46. (O/T;O/T)∗−; a,b ∈ O, aT = bT
47. (O/D2;O/D2)∗; a,b ∈ O, ab ∈ D2
48. (O/O;O/O)∗; a,b ∈ O
49. (I/C2; I/C2)∗; a ∈ I, b= ±a−1
50. (I/I; I/I)∗; a,b ∈ I
51. (I†/C2; I/C2; φ˜−1† )∗; [4]
mapping 1 → 1, i → −i, j → −j, and k → −k), followed by an arbitrary orientation-preserving map q → aqb, hence in the
form q → aqb (where a,b ∈ S3). This representation is unique up to multiplying both a and b by −1.
It follows from the identity q1q2 = q2 q1 that conjugation by the orientation-reversing map q → q takes an element of
SO(4) covered by (, r) ∈ S3 × S3 to one covered by (r, ). Hence, more generally, for a ﬁnite subgroup G of O (4) containing
orientation-reversing elements, the groups L and R describing G ∩ SO(4) must be conjugate. Indeed, L = R, except when
G ∩ SO(4) equals group #32 or group #32′ .
Following Du Val’s classiﬁcation, we start with those subgroups of G of O (4) that contain the central element (and a few
that do not, namely families #33, 35, and #36, when n is odd). Du Val’s notation adds a superscript asterisk to the symbol
for the orientation-preserving subgroup, in order to indicate the presence of orientation-reversing elements. In most cases,
we specify the extension by describing {(a,b) :q → aqb ∈ G}. The basic conditions on the integers n, r, s,h,k in Table 5 are
n, r  1, 0 s,h,k < r, gcd(s, r) = 1 and rn is even; further conditions can be found in DuVal [5]: see p. 60 for [1], [2] and
[3]; see p. 61 for [4].
In addition, a few of these groups have subgroups of index two that contain orientation-reversing elements, but do not
contain the central element. These are listed in Table 6. Groups #44pm and #44mp do not appear in [5, p. 61], but are
listed as ± 124 [O × O ] · 23 and ± 124 [O × O ] · 21, respectively, in [3, p. 47]. Extra conditions on the groups in this table are as
follows:
[5]: (a,b ∈ Cn) or (a ∈ −kCn,b ∈ iCn) or (a ∈ iCn,b ∈ −kCn) or (a,b ∈ jCn).
[6]: (a,−b ∈ Cn) or (a ∈ kCn,b ∈ iCn) or (a ∈ iCn,b ∈ kCn) or (a,−b ∈ jCn).
[7]: a= p†t′ , b= (pt′)−1, with p ∈ I, and t′ ∈ OT.
[8]: a= p†t′ , b= −(pt′)−1, with p ∈ I, and t′ ∈ OT.
For each of these subgroups G of O (4), we will obtain a lower bound on the diameter of the orbifold S3/G by maxi-
mizing the distance from the orbit of the quaternion 1, under the group action, to another orbit. To that end, we deﬁne the
pre-fundamental domain of a ﬁnite group action on S3 to be the intersection of half-spheres formed by the set of points that
are closer to the quaternion 1 than to any other image of 1 (equivalent to the Voronoi cell of 1 with respect to its G-orbit;
when, in addition, 1 is ﬁxed only by the identity element of G , it is a Dirichlet domain). The geodesic segment from 1 to
any point in the pre-fundamental domain realizes the distance in the orbifold between the equivalence classes represented
by those points. So the distance from 1 to the farthest vertex of the pre-fundamental domain gives a lower bound for the
diameter of the orbifold. We expect that this lower bound will be sharp in most cases, based on the fact that 1 has a
large isotropy subgroup under the action of G (roughly speaking, because L and R will have large intersection, compared to
other conjugates in S3). Hence, in the orbifold S3/G , the point corresponding to 1 is at the vertex of a “sharp” cone, which
should tend to “push it away” from “the rest of the orbifold”. This assertion is motivated by the fact that singular points in a
hyperbolic 3-orbifold which are locally modeled on H3/C (where C is a large cyclic group acting by rotation) are contained
in the middle of fat Margulis tubes, hence are far from the “thick part” of the orbifold [22]. This intuition is quite rough,
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Finite subgroups of O (4), part IV.
35ap. (D2n/Cn;D2n/Cn;ψ#)∗; [5]
35am. (D2n/Cn;D2n/Cn;ψ#)∗−; [6]
39p. (T/C1;T/C1)∗c ; a ∈ T,b= a−1
39m. (T/C1;T/C1)∗c−; a ∈ T, b= −a−1
40p. (T/C1;T/C1)∗; a ∈ O− T, b= a−1
40m. (T/C1;T/C1)∗−; a ∈ O− T,b= −a−1
44p. (O/C1;O/C1; id)∗; a ∈ O, b= a−1
44m. (O/C1;O/C1; id)∗−; a ∈ O, b= −a−1
44pm. (O/C1;O/C1; ξ)∗+−; b−1 = a ∈ T or −b−1 = a ∈ OT
44mp. (O/C1;O/C1; ξ)∗−+; −b−1 = a ∈ T or b−1 = a ∈ OT
49p. (I/C1; I/C1)∗; a ∈ I, b= a−1
49m. (I/C1; I/C1)∗−; a ∈ I, b= −a−1
51p. (I†/C1; I/C1; φ˜−1† )∗; [7]
51m. (I†/C1; I/C1; φ˜−1† )∗−; [8]
but explains our choice of 1 for one end of the geodesic segment which realizes our lower bound for the diameter. In some
cases, noted below, we can prove that our bound is sharp. The coordinates of the vertices of a pre-fundamental domain
can be calculated by linear algebra once triples of points in the orbit of 1 are found that are both close to 1 and close
to each other; there are three linear constraints since the vertex must be equidistant from 1 and each point in the triple,
and also the vertex must have unit length (and make an acute angle with 1). We used MapleTM software to handle the
messier situations [23]. See [6] for more on pre-fundamental domains; in particular, a fundamental domain for S3/G can be
obtained by intersecting the pre-fundamental domain of G with a cone which is a fundamental domain for the subgroup of
G which ﬁxes 1.
4.2. Diameters for the ﬁbering subgroups of SO(4)
The subgroups G of SO(4) for which the corresponding orbifolds S3/G admit a ﬁbering over a 2-orbifold are precisely
those groups for which at least one of the groups L and R belong to the set {C2n,Dn}. In Du Val’s enumeration, these are
the families #1–19 (including #11a, #1′ , #11′ , and #11a′). Among ﬁbering subgroups of SO(4), families #10, #15, and #19
are maximal, in the sense that all other groups are subgroups of some member of these families. Since we are looking for
a lower bound on the diameters of the orbifolds arising from these families, it suﬃces to examine these families.
10 (Dm/Dm;Dn/Dn): The orbit of the quaternion 1 in S3 is the union of C2L and the coset iC2L , where L = lcm(m,n). The
pre-fundamental domain is the same as for (DL/DL;DL/DL), a 2L-prism with vertices 1√2 (cos(
π
2L ) ± sin( π2L )k + cos( πt2L )i +
sin( πt2L )j) where t = 1,3, . . . ,4L − 1. A lower bound for the diameter is arccos(
cos( π2L )√
2
), which is always greater than
arccos(1/
√
2) = π/4. The diameter approaches π/4 as L → ∞ and, if m and n both tend to inﬁnity, the group approaches
the cohomogeneity one action of T 2 on S3.
Any group from families #15 and #19 is contained in a cohomogeneity two action of the type discussed in the proof of
Proposition 3.2, with G/T1,1 equal to Oh and Ih , respectively. It follows that a lower bound for the diameter of any group
from family #15 is 12 arccos(
1√
3
) (which is approached arbitrarily closely as n → ∞), and similarly a lower bound for the
diameter of any group from family # 19 is 12 arccos(
tan( 3π10 )√
3
) (see Table 2).
4.3. Diameters for the nonﬁbering subgroups of SO(4)
The subgroups G of SO(4) for which the corresponding orbifolds S3/G do not admit a ﬁbering over a 2-orbifold are
precisely those groups for which both groups L and R belong to the set {T,O, I}. In Du Val’s enumeration, these are groups
#20–32 (including #21′ , #26′ , #26′′ , #31′ , and #32′). The diameter bound from 1 is sharp when it equals π/2 or π ,
since the diameter is greater than π/2 exactly when there is a point ﬁxed by the entire group [1,12]. Among nonﬁbering
subgroups of SO(4), #29 is the only group that is maximal with respect to inclusion among ﬁnite subgroups of O (4); its
orbit space is a natural candidate for the minimal diameter spherical orbifold. The other groups are either subgroups of it
or are contained in a subgroup of O (4) that contains orientation-reversing transformations. We present the calculation for
group #29 (which is by far the most complicated) and leave the remaining cases to the reader. The results are presented in
Tables 9 and 10.
29 (O/O; I/I): The closest images of the quaternion 1 under this group are ((3√2+√10)+ (√10−√2)i+ (√10−√2)j+
(
√
10− √2)k)/8, ((3√2+ √10) + (√10− √2)i− (√10− √2)j− (√10− √2)k)/8, plus the two additional points obtained
by cyclically permuting i, j, and k in the latter expression. The next closest images are ((
√
5+ 1) + 2i+ (√5− 1)j+ 0k)/4,
plus the eleven additional points in the orbit of this point under the action of the tetrahedral group (the image of T in
SO(3)). The third layer of images are (
√
10−√2i−√2j−√2k)/4 together with (√10−√2i+√2j+√2k)/4, plus the two
additional points obtained by cyclically permuting i, j, and k in the latter expression.
W.D. Dunbar et al. / Differential Geometry and its Applications 27 (2009) 307–319 315The pre-fundamental domain has 4 twelve-sided faces, 4 six-sided faces, and 12 faces that are isosceles triangles. It can
also be described as the intersection of a smaller tetrahedron with a larger tetrahedron in dual position, all the vertices of
which are then truncated by the intersection with a dodecahedron. Refer to Fig. 9 in [6] for details. The vertices of one of
the isosceles triangles are as follows:




















136− 90√2+ 56√5− 42√10
,
1+ (−3+ 3√2− 2√5+ √10)i+ (−2+ √2− √5+ √10)j+ (3− 3√2+ 2√5− √10)k√
136− 90√2+ 56√5− 42√10
.
The ﬁrst vertex is further from 1 than the other two vertices, which have the same distance from 1. We obtain the re-
maining 33 vertices by letting the tetrahedral group act on these three vertices. Since the tetrahedral group leaves invariant





40+ 12√2− 8√5− 12√10)≈ π/8.93.
The group is maximal and the diameter is the smallest achieved by a nonﬁbering subgroup.
4.4. Diameters for the remaining subgroups of O (4)
For many of these groups, the orbit of the quaternion 1 is the same as its orbit under the orientation-preserving subgroup
of index 2. This occurs if and only if some orientation-reversing element ﬁxes 1, which in turn is equivalent to the condition
b = a−1 in the description of the group, and hence is often easy to verify by inspection. In fact, it turns out that whenever
an orientation-reversing element ﬁxes 1, either there is an element with a= 1= b or there is one with a= 1/√2+(1/√2)k,
b= 1/√2− (1/√2)k. In these cases, the analysis repeats that of the subgroup.
Every ﬁbering subgroup of O (4) that is not a subgroup of SO(4) will be contained in some member of family #34, and
all members of that family contain an element with a = 1 = b, so it follows from Section 4.2 that arccos( cos( π2n )√
2
) will be a
lower bound for the diameter of (Dn/Dn;Dn/Dn)∗ , and hence all ﬁbering subgroups of O (4) have diameter bounded below
by π/4.
As for nonﬁbering subgroups of O (4), the only cases in which the pre-fundamental domain of a group differs from that
of its orientation-preserving subgroup are for groups #39m, #40m, #44m, #46, #49m, and #51m. We present the calculation
for group #46 and leave the remaining cases to the reader.
46 (O/T;O/T)∗−: The orientation-preserving subgroup is #28, the pre-fundamental domain for which is a regular octahe-
dron with vertices (1± i)/√2, (1± j)/√2, (1± k)/√2. The orbit of the quaternion 1 under group #46 is O, and hence the
pre-fundamental domain is a truncated cube with vertices ((
√
2+1)± (√2−1)i± j±k)/2√2, plus the 16 additional points
obtained by cyclically permuting i, j,k. So a lower bound for the diameter is arccos((
√
2+ 1)/2√2) ≈ π/5.73.
In addition, we include descriptions of reﬂection groups and their Coxeter graphs in Table 7, cf. [14]. For these groups,
the diameter equals the minimum distance between vertices of the fundamental domain, a spherical polyhedron, so we can
supply the exact diameter, not just a lower bound. The appearance of  in the column for the Coxeter graph signiﬁes that
the group is a suspension to O (4) of the group of reﬂections in O (3) which follows (in other words, the action is reducible
and acts trivially on the extra dimension).
5. Conclusions
We summarize the results for cohomogeneity three in three tables: Table 8, for the ﬁbering groups, Table 9 for the
nonﬁbering groups with diameters a rational multiple of π , and Table 10 for the remaining nonﬁbering groups.
All the normal subgroups in these tables have index 2, except that # 22 has index 3 in #20. For the remaining subgroups
we note that the inclusion of #27 in #28 is index 3, while the inclusions of #21 in #22 and #26 in #27 are both index 4,
the inclusion of #20 in #24 is index 5, and the inclusions of #31 and a conjugate in SO(4) of #32 in #30 are both index 60.
We summarize this information in the following theorem:




)= { α2 for ﬁbering groups
β for nonﬁbering groups
where α = arccos( tan( 3π10 )√ ), β = arccos(1/
√
40+ 12√2− 8√5− 12√10), and α/2< β .3
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Reﬂection subgroups of O (4).



















Diameters for ﬁnite, ﬁbering groups.











Diameters in πQ for ﬁnite, nonﬁbering groups.
Du Val # Maximal inclusions Diameter
21′,26′,31′ 21′  26′
39p,40,40p 21′  39p, 21 40, 21′  40p π
44,44p,49p 26 44, 26′  44p, 31′  49p
21,26,26′′ 21′  21, 21 26, 26′  26,
26′′  26, 21′  26′
31,39,39m 31′  31, 21 39, 21′  39m π2
40m,44m,44pm 21′  40m, 26′  44m, 26′′  44pm
44mp,49,49m 26′′  44mp, 31 49, 31′  49m
22,27 21 ⊂ 22, 26 ⊂ 27, 22 27 π3
41,42,47 22 41, 22 42, 27 47
20 22 20,
28 27 ⊂ 28, 20 28 π4
43,45 20 43, 28 45
Table 10
Diameters not in πQ for ﬁnite, nonﬁbering groups.
Du Val # Maximal inclusions Diameter
32′ , 51p 32′  51p arccos( 14 )




23,25,46,48 20 23,23 25,28 25







20 ⊂ 24,31 ⊂ 30,





29 24 29 arccos(1/
√
40+ 12√2− 8√5− 12√10)
W.D. Dunbar et al. / Differential Geometry and its Applications 27 (2009) 307–319 317We further note that there seems to be no relationship whatsoever between the index of an extension and any sub-
sequent change in diameter. In particular, there are many extensions of index 2 where the diameter remains unchanged,





It does turn out, though, that in the graph of subgroup inclusions for nonﬁbering subgroups of O (4), the groups with
diameter in πQ lie below the groups with diameter not in πQ. In other words, enlarging a group never changes its diameter
from an irrational multiple of π to a rational one.
Proposition 5.2. Let A ⊂ B be ﬁnite nonﬁbering subgroups of O (4). If the diameter of A is not in πQ, then the diameter of B is not in
πQ.
Proof. This can be veriﬁed for nonﬁbering subgroups of SO(4) with the aid of Fig. 1 in [6] and for the orientation-preserving
subgroups of nonﬁbering subgroups of O (4), given in Tables 9 and 10. If there existed nonﬁbering subgroups A ⊂ B with A
having diameter not in πQ and B having diameter in πQ, then without loss of generality we can assume that A∩SO(4) ⊂ A
and B ∩ SO(4) ⊂ B are proper subgroups with diameters in πQ. But by inspection of Table 10, A ∩ SO(4) must equal group
#28, and the only extension of that group within SO(4) is to #25, for which the diameter is not in πQ, a contradiction. 
We note however that we have found no algebraic criterion that predicts when the diameter will change from a rational
to an irrational multiple of π upon extension. For example, we see in the above-mentioned tables that there are index-2
subgroups #20  #23 (rational in irrational), #23  #25 (irrational in irrational), and #20  #28 (rational in rational); for
all of these groups, L,R,r, l ∈ {T,O}.
We are interested in ﬁnding a global lower bound for isometric group actions on spheres. We note that the lower bound
for any connected, classical polar action approaches π/2 as the cohomogeneity of the action increases, which is proved
in [21].
To prove Theorem B of the Introduction, we restrict our attention to cohomogeneities 2 and 3, and note that the coho-
mogeneity 1 case is completely solved in Section 1. In the spherical cohomogeneity 2 case, the possible orbit spaces are
S2 and D2 (with 0, 1, 2 or 3 exceptional singular points corresponding to an isolated singular orbit). The diameters were
calculated in [20] and the lowest was found to be arccos( 1√
3
). It is easy to show that the only ﬁnite extensions of these
groups that will lower the overall diameter are the ones corresponding to the case where the orbit space is S2( 12 ), and the
lower bound is given in Section 3 and is equal to α2 .
One can see that for the disk cases, those with exceptional singular orbits are limited by the corresponding isolated
singular orbits as to further possible identiﬁcations (just as in the case of the interval for cohomogeneity 1). In particular,
there are very few cases where the diameter will actually be changed after an identiﬁcation and in none of these cases in
which an identiﬁcation can be made does the overall minimum diameter change. For the disk with no exceptional singular
points, the same holds true.
In the spherical cohomogeneity 3 case, the case where the group is ﬁnite is completely solved in Sections 3 and 4, and
we achieve the same lower bound as in the cohomogeneity 2 case. This leaves us with the case where the group is inﬁnite
and connected, classical polar. We note that this case is completely solved in [21]. However, for the sake of completeness,
we will sketch an outline of the proof here. Observe ﬁrst, that for all adjoint actions, the diameters of the orbit space Sn/G
were calculated in [10]. The remaining connected, classical polar actions are given in Table 11.
We will sketch the proof for SO(4) × SO(n),4  n, and observe that the remaining cases follow in a similar fashion as
in [19,21]. The representation here is ρ4 ⊗ ρn,4  n. Under this action points of S4n−1 are represented as 4 × n matrices,
operated on by SO(4) under left multiplication and by SO(n) by right multiplication. Appropriate choices for the left and
right multipliers will reduce the 4 × n matrix in the middle to a diagonal matrix X with values ai, i = 1, . . . ,4, where
a2i , i = 1, . . . ,4, are eigenvalues of X XT . These matrix actions render the signs of the ai immaterial and allow for shifts in
the order of these entries so that a1  · · · a4. Since the a2i , i = 1, . . . ,4, are eigenvalues of X XT , no further identiﬁcations
are possible. The orbit space will be the spherical solid tetrahedron {x1  · · · a4  0} in S3. The diameter will be achieved
on the vertices and these are given by: y1 = (1,0,0,0), y2 = ( 1√2 ,
1√
2














Cohomogeneity 3 connected, classical polar actions.
Group Dimension of sphere
SO(5) 13
Sp(5) 43
S(U (4)× U (n)) 8n − 1,4 n




Sp(4)× Sp(n) 16n − 1,4 n
318 W.D. Dunbar et al. / Differential Geometry and its Applications 27 (2009) 307–319The diameter is achieved between the two vertices y1 and y4 and is given by 2arcsin( 12 ) = π3 . We can also show that any
ﬁnite identiﬁcations made on the orbit spaces in cohomogeneity 3 corresponding to ﬁnite extensions will not reduce the
diameter within this group of actions.
Given the work done here and work from [20] and [21] on connected, classical polar actions of cohomogeneity 3, we can
prove the following theorem:
Theorem 5.3. Let G act irreducibly by cohomogeneity 1, 2, or 3 on Sn. Further suppose that in the case of a cohomogeneity 3 action,








6 for cohomogeneity 1
α
2 for cohomogeneity 2
α
2 for cohomogeneity 3
where α = arccos( tan( 3π10 )√
3
).
We further observe that those polar actions arising from symmetric spaces for which G or H (or both) is a product of
classical Lie groups and exceptional Lie groups (excluding all adjoint actions) are to be called exceptional polar actions. The
result holds for many of these groups as well, but for many of the groups in this list, the orbit space is yet to be calculated
(given that these admit no “easy” matrix representation, other methods must be used).
We conclude with the following conjecture:
Conjecture 5.4. Let G act irreducibly on Sn by cohomogeneity k, where n ∈ 2Z. Then for all  > 0 there is a k0 such that for all k k0
diam(Sn/G) is within  of π/2.
We base this conjecture on the following: as mentioned previously in [21], we can show that ﬁnite identiﬁcations made
on the orbit spaces in cohomogeneity 3 will not reduce the lower bound for the diameter. That is, there are no ﬁnite
extensions of the classical connected polar actions that will decrease diameter. Furthermore, for a cohomogeneity k action
on Sn , where 3  k < n and additionally k = 3, 7 when n = 7, 15 respectively, Sk does not appear as a quotient space, in
contrast to the S2 which results from a cohomogeneity 2 circle action on S3. Thus we can reasonably expect diameters to
be strictly larger than those found in cohomogeneities 2 and 3, for suﬃciently large k. We exclude the odd-dimensional
spheres, because they all admit cohomogeneity n − 1 free circle actions with quotient spaces a complex projective space of
diameter π/2 and hence are likely to have quotients by ﬁnite extensions with diameters approaching π/4.
When considering cohomogeneity n actions on Sn , n  4, one might expect these diameters to increase toward π/2 as
well (at least for n even). For n odd, we have ﬁnite actions converging to a free circle action at least halving the diameter of
the corresponding spherical quotient space. To illustrate this tendency towards π/2, consider the orbifold Sn/G , where G is
the full group of symmetries of the cubic tessellation of Sn (i.e., the radial projection of a hypercube in Rn+1 onto Sn). Its
diameter is arccos(1/
√
n+ 1), which converges to π/2 as n goes to inﬁnity.
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